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4 |  M334 III 
Set Book 


Barrett. O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Banjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O'Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra 1 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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I.1 INTRODUCTION AND ISOMETRIES OF E? 


Introduction 


The aim of this chapter is to prove that a unit-speed curve in E? is determined, apart 
from its position in space, by its curvature and torsion functions, which were intro- 
duced in Section II.3; in other words, that the curvature and torsion of a curve, as 
functions of the arc-length, tell us all there really is to know about it. We cannot 
begin to prove this until we have decided what we mean by “apart from position in 
space": when are two curves in different positions in E? going to be declared 
“essentially the same”? We shall not finally answer this question until Section III.5, 
but we make a start in this section by defining isometries, that is mappings of E? 
which preserve distance. You have met some isometries before — translations in Unit 
M201 15, Affine Geometry and Convex Cones, Section 1.1, and orthogonal linear 
transformations in Unit M201 24, Orthogonal and Symmetric Transformations, 
Section 1. You should remind yourself of the results of the latter section now, as 
they are used in this section. Apart from that, this section depends only on Sections 
I.7 and II.1; the later sections of Chapter II are not referred to yet. 


READ: Introduction to Chapter III and Section III.1 (pages 98- 102). 


Comments 


(1) Isometnes An important point about the isometries of E? is that they 
form a group; that is, that they satisfy the following conditions. 
(a) The composition of two isometries is again an isometry — this is 
Lemma 1.3. 


(b) Composition of isometries is associative — this is true for com- 
position of any functions. 


(c) There is an identity isometry I such that IF = FI=F for all iso- 


metries F — this is true because the identity mapping I is an 
isometry. 
(d) Each isometry F has an inverse F'! which is also an isometry. This 


condition requires slightly more checking. It is an immediate con- 
sequence of Definition 1.1 that isometries are one-to-one mappings, 


for if F(p) = F(q) then 
d(p, q) = d(F(p), F(q)) = d(F(p), F(p)) = 0 


and so p = q. The fact that isometries of E? are also onto mappings 
follows from Theorem 1.7, because the translation T is onto and the 
orthogonal transformation C is onto, so their composite F = TC must 
also be onto. Since F is one-to-one and onto F has an inverse func- 
tion F! C'T, which is a mapping because both C' and T`! are 
mappings (see Comments (ii) and (iii)). Now 


d(F' (p), F"(q)) = d(FF'! (p), FF™(q)) because F is an 
isometry 
7 d(p. q) because FF! = I 


and so F” is indeed an isometry. 


(ii) 


(iii) 


M334 III.1 


Translations The translations form an important set of isometries, as 
noted in Example 1.2(1). We shall use the notation T, to denote translation 
by a, that is, 


Ta(p) =p * a. 
Then 


TpTa(p)=ptatb = Ta + p(p) = Tp + a(P) 


so Tg T4 is translation by b +a. In fact the translations correspond to the 
points of E? in such a way that the composition of translations corresponds 
to ordinary vector addition; hence the commutativity of composition of 
translations follows from the commutativity of vector addition. We have the 
following commutative diagram: 


T 
a, b = iH 
corresponding corresponding 
translation translation 


composition 


Le Taly Tab 


Since the identity mapping I is translation through 0, T} = T_, and we 
have this commutative diagram also: 


additive inverse 


corresponding corresponding 
translation translation 


T inverse (Ta)? = Tec 


Thus the translations also form a group. 


Orthogonal Transformations As noted in Lemma 1.5, these form 
another important set of isometries. The definition given on page 100 is in 
fact equivalent to that given in Unit M201 24, Orthogonal and Symmetric 
Transformations, page 8, because all the spaces in which we are interested 
are finite-dimensional. Thus we can make use of the result proved in that 
unit, that the following conditions on a linear transformation C of finite- 
dimensional Euclidean spaces are all equivalent: 


(a) C preserves dot products (that is, C is an orthogonal transformation); 


(b) The rows of the matrix C are orthonormal; 
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(iv) 


(c) The columns of the matrix C are orthonormal; 
(d  'CC-CÍC- I; that is, C! = tC (that is, C is an orthogonal matrix); 
(e) C maps some orthonormal basis to another orthonormal basis; 
(f) C maps all orthonormal bases to orthonormal bases. 
Since, for orthogonal transformations C4, C5, C, 
'\c,c,) = 'c,"c, = CC) = (C,0y! 
and 
tic?) € t(tc) =C= ic 


this immediately tells us that the composite of two orthogonal 
transformations is an orthogonal transformation and that the inverse of an 
orthogonal transformation is an orthogonal transformation. Thus these also 
form a group. 


Page 101: Theorem 1.7 This breakdown of an isometry F as TC is very 
useful. In future work with isometries we shall nearly always use this ex- 
pression, sometimes without explicitly defining T and C. If F, = T,C, and 
F, = T;C, are isometries then their composite F,F; is also an isometry 
(Lemma 1.3) so we can write F ,F,=T3C3, where T3 is the translation part of 
F ,F, and C3 is the orthogonal part of F,F;. Then 


T3C3 = T,C,T,C, 


but it is not generally true that T4 = T,T2 (although C4 = C,C,) because C, 
and T, do not commute in general. (See the Theory Exercises if you are 
interested in investigating this further.) 


Supplementary Comments 


(i) 


(i) 


Page 99: rotation The formulas for the coordinates of q in terms of 
those of p were worked out in Unit M201 24, Orthogonal and Symmetric 
Transformations, Section 1.2. 


Page 101: lines -10 and -9 If we put r = ap + bq, then r; = ap; + bq; for 
i= 1, 2, 3. Using the identity established in line - 11, 


F(r) -ZrjF(u) ^ F(p)-ZpiF(u) F(q) = È qiF (uj) 
SO 
F(r) = È rF (u;i) 
= È (api + bqi)F (u;) f 
= X apjF (uj) + 2 bqjF (uj) 
= aX pjF(uj) + bZ qjF (uj) 
= aF (p) + bF(q). 
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Summary 


Notation 


Definitions 


(i) 
(ii) 
(iii) 


Isometry F 
Translation by a, T4 
Orthogonal transformation C 


(iv) Identity mapping I 

Example 

(i) Rotation about the z axis 

Results 

(i) The composite of two isometries is again an 
isometry. 

(ii) For translations: 

TaTp = TpTa = Ta + p; 
(T3)! = T-a- 

(iii) ^ Given p, q in E?, there is a unique translation T 
such that T(p) = q. 

(iv) If T is a translation and T(p) =p for any p, then 
T -I. 

(v) Translations are isometries. 

(vi) ^ Orthogonal transformations are isometries. 

(vii) Any isometry fixing 0 is an orthogonal trans- 
formation. 

(viii) Each isometry F has a unique expression as TC, 
where T is a translation and C is an orthogonal 
transformation. Moreover T = Tr(0). 

(ix) | Every isometry has an inverse isometry. 

Techniques 


(i) 


Recognition of isometries, translations, orthogonal 
transformations. 


Expression of an isometry in standard form TC. 


Calculation of the image of a point under an iso- 
metry expressed in standard form. 
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Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Text, page 6 

Page 100, line 11 

Page 99, line -6 


Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Page 100, line 10 

Page 99, line - 6 


Page 99, Example 1.2(2) 


Page 99, Lemma 1.3 


Page 99, Lemma 1.4(1) 
Page 100, Lemma 1.4(2) 


Page 101, Lemma 1.4(3) 


Page 100, lines 8-9 
Page 98, Example 1.2(1) 
Page 100, Lemma 1.5 


Page 100, Lemma 1.6 


Page 101, Theorem 1.7 
Text, page 5. 


Page 98, Definition 1.1, 
Page 98, Example 1.2(1), and 
Page 100, line 10. 


Page 101, Theorem 1.7 


Page 102, line - 5 
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Exercises 


Technique (i) 


l. Page 103, Exercise 4. 


2. Page 108, Exercise 6, (a) — (d), first part. 


Technique (it) 


3. Page 103, Exercise 6, second part. 


Technique (iii) 


4. Page 103, Exercise 5(a). 

Theory Exercises (omit if short of time) 
5. Page 103, Exercise 1. 

6. Page 103, Exercise 2. 

7. Page 103, Exercise 3. 

Solutions 

1. Page 103, Exercise 4. 


As noted in Comment (iii), C is orthogonal => C'C = I = the rows of C are 
orthonormal. We check the last condition as it involves only six calculations. 


2 2 1 2.2 1| 1 
LES stl Se getters 


TETE ETTE 
b 82H63 deren 
EVIE Heer 
[55-345 $ debere 2-0 
Bb EHS erra 


This shows that C is orthogonal. 


Lr e ANY d 
3 3 3 3 
2 1 2 19 
CP 3 s z TIALS 
- m m 
3 3 3 3 
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-2 2 aly yal L8 

3 3 3 3 

apu ub 2 _|_4 

C(q) = 3 3 3 Oj}; = -3 

l 3 2i\s 7 

3 3 3 3 

p-q = 3.1 + 1.0 + (-6)(3) = 3- 18 2-15. 
Clq) =É- 2 | + B|- 4+ EL 22) =4-10- 76. 49) =- 135. 

C(p)C(q) Bl au al sl- AEE 10- 76 - 49) =- 2? =-15. 


Page 103, Exercise 6. 
In each case we must check whether d(F(p), F(q)) = d(p, q) for all p and q. 
(a) | F(p--p 
d(F(p), F(q)) = d(- p. -q) 
=||-p - Coll 
= 1-1) - ol 
=|-1||lp- al] (using |[ap|] = lal lip] 
= 1 [p - all 
= d(p, q). 
This is true for all p and q, so F is an isometry. 


(b) In this case F: pr—35p-a a is just the perpendicular projection of E? 
onto the one-dimensional subspace spanned by a. We can easily see 
from the picture 


P 


0 a F(p) 


that F does not preserve norms: for example, we can choose p to be 
orthogonal to a and then F(p) - 0 so ||F(p)|| # |[p||. Since F does 
not preserve norms, F cannot preserve dot products. 


Alternatively we proceed as follows. 
d(F(p), F(q)) = d(p-a a, q-a a) 
= |[p-aa- qra al 


= ||(p-a - q-a)al 

= |p-a ~ q-a] llall, as above, 

= |p-a - qal. since |lal| = 1, 

= |(p - q)-a| 

= ilp = qll ljal] |cos 3|, where 0 is the angle between 
p- qanda, 

= d(p, q) [cos ol, since llall =], 


which is not equal to d(p, q) unless 9 is a multiple of 7. 
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(c) 


(d) 


(a) 


(d) 
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As yet another approach, since the image of F is not the whole of 
E3, F is not onto E? and so F cannot be an isometry, by Comment 


(i). 
F(p) = (ps- 1, p2- 2; pı- 3). | 
d(F(p), F(q)) = d((ps- 1, p2- 2, p1- 3), (as- 1, q2- 2 qı- 3)) 
= ||(ps- 1, p2- 2, pı- 3) - (qs- 1, q2- 24: - 3)| 
ia Il(ps - 43> P2- 42> Pi ~ q:)| 
= ((Ps- q3) + (p2- a3)? + (p q1) 
= ||(P1- a1, P2- 42 P3- 93) 
= [Ip - all 
= d(p, q). 
This is true for all p and q, and so F is an isometry. 
F(p) = (pi, Pz 1). 
d(F(p), F(q)) = d((p1, P2 1), (a1, 4» 1) 
= ||(P1, pa. 1) - (qv qz 1)I| 
-Mpi- qe p2- a2 O| 
= (p - qi)? + (p2- qa)”)?, 
which is not equal to d(p, q) unless p3 = q3. For example, 
d((0, 0, 0), (0, 0, 1)) 2 1 but 
d(F(0, 0, 0), F(0, 0, 1)) = d((0, 0, 1), (0, 0, 1)) = 0. 


Thus F is not an isometry. 


24 


Again, we could note that, since the image of F is 
{p EE?: p, 2 1) £ E, 


F is not onto, and so cannot be an isometry. 


Page 103, Exercise 6. 


F(p)=-p and so F=-I, which is an orthogonal transformation. 
This is already in standard form, and so T is the identity, C = - I. 


F is not an isometry. 


F(0) = (- 1, -2, -3) so T, the translation part of F, is translation by 
(71, -2, -8). If F = TC, 


F(p) = TC(p) 
ie. (ps- 1, p2- 2p1- 3) =C(p) + (C1, -2, -3) 
ie. (P35 Pa» P1) + (-1, -2,-3) = C(p) + (-1, -2, -3) 
so C(p) = (p» Pz P1) 


0 0 1 
so C has matrix | 0 1 0 
1 0 0 


(In fact this represents reflection in the plane x = z.) 


F is not an isometry. 


12 
4. Page 103, Exercise 5(a). 
F(p) = Ta C(p) = a + C(p) 


1 
1 V2 
- 3 }+] 0 
1 
: 2 
6 
1 NE 
= 3 |+| -2 
10 
-1 VA 
1 - 3/2 
= 1 
-1 + 5/2 
5. Page 103, Exercise 1. 
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Put F= CT, Since C and T, are isometries F is an isometry (by Lemma 
III.1.3), and thus by Theorem IIL1.7 we can write F = TyD where T, is 


translation through b and D is an orthogonal transformation. Now 


for all p 


CTa(p) = TpD(p) 
C(a + p) = b + D(p) 


i.e. 


C(a) + C(p) = b + D(p). 


Putting p=0 gives C(a)- b because 


Substituting back, we have 
b + C(p) =b + D(p) 


i.e. 


F = TgD- Tc(a)C- 


for all p 


for all p 
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Alternatively, we could show that CT4 and Tc(a)C have the same effect on 
every point of E?. For p in E’, 


CT,(p) = C(a + p) = C(a) + C(p), 


while 

Tc(a)C(p) = Tc(a)(C(p)) = Cla) + C(p). 
6. Page 103, Exercise 2. 
| F-T,A and G-TpB, so 

FG = T,ATpB. 

By the result of Exercise JII.1.1, 
ATp =T A(b)4 

and so 


FG = T,ATpB = TaT A(b)AB. 


TaTA(b) is the translation through a + A(b); AB is an orthogonal trans- 
formation, being the product of two orthogonal transformations. Thus FG 
has translation part Ta + A(b) and orthogonal part AB. 


Similarly GF has translation part Th + B(a) and orthogonal part BA. 
7. Page 103, Exercise 3. 
F = T4C. Since T4 and C both have inverses we know that 
F`! = (TC)! = C!T4. 
Now 
Ch SC y by Lemma III.1.4(2), 
7 Tc(-aJC', by Exercise IIL 1.1, 
-T. C'(a)C `’, by linearity of C'!. 
Thus the translation part of F'! is T_ C' (ay; the orthogonal part of F`! is C'!. 
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III.2 THE DERIVATIVE MAP OF AN ISOMETRY 


Introduction 


This section follows on from Sections III.1 and 1.7. We also need to use certain 
results from M201 — that there exists a unique linear transformation taking one 
basis of E? to another basis of E? (see Unit M201 2, Linear Transformations, 
Section 1.8) and that a linear transformation is orthogonal if and only if it takes an 
orthonormal basis to another orthonormal basis (see Unit M201 24, Orthogonal and 
Symmetnc Transformations, Section 1.2). 


The purpose of this short section is to show that there is a unique isometry taking 
any given frame in E? to any other given frame in E?. In order to do this we have to 
look at the derivative map F,: we find that this takes a particularly simple form 
when F is an isometry, for if F = TC then F, is represented simply by C. 


READ: Section IIL2 (pages 104-106). 


Comment 


(1) Page 105: lines - 18 to - 15 and C cannot be the same boi Y 
they act on different spaces — ru and E? respectively. However, Tp( 
isomorphic to E? via the ‘ mm isomorphism Pp’ E? — Tp n 
by 


de 


$p: V —? Vp (v € E). 


To say that F,,, and C *'differ only by the canonical isomorphisms of E?" 
means, in effect, that the following diagram commutes; that is, that F „p and 
C send vectors that correspond to each other via $p to vectors that corres- 
pond to each other via (py 


E? KEEPS E? v ER —— 
$p F(p) 9p ?F(p) 
F xp Fxp 
Tp(E?) —— Tg (E) Xp co F.p(vp) = CV E(p) 


Supplementary Comment 


(i) Page 105, line 4 If v = (v,, V2, v3) then the ith coordinate of Cv is È cijVj» 
so that J 


(Cv)q = + ZcijvjUi(a) 
for any point q. In particular, putting q = F(p) gives 
CE doce j i(F (p)). 
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But F,(vp) = (Cv) Fy and so 
F (vp) = ZZ cijvjUi(F (p)) =Z cijvjUi(F(p)). 


However, vp = ZvjUj(p), so this becomes 


Fa [ZUe = BeyyiUi(F@)) 


6699 


which can be abbreviated to the result given in line 4 by omitting the “‘p’’s 
and writing Uj for U;(F). 


Summary 


Results 


(i) 


The derivative map of an isometry F = TC sends 
the tangent vector v at the point p to the tangent 


vector Cv at the point F(p). Page 104, Theorem 2.1 
(ii) If F is an isometry, F,, is an orthogonal trans- 

formation from T(E’) to T, (pE? Page 105, Corollary 2.2 
(iii) Given two frames in E?, there is a unique isometry 

taking one onto the other. Page 105, Theorem 2.3 
Techniques 


(i) 
(ii) 


Finding the derivative. map of an isometry using 
Result (i). Page 104, Theorem 2.1 


Finding the isometry mentioned in Result (iii), 
using the method employed in the proof of 
Theorem 2.3. Page 105, line -3 of text 


Exercises 


Technique (i) 


l. 


Page 106, Exercise 1. 


Technique (ii) 


2. 


Page 107, Exercise 5. 


Theory Exercises (omit if short of time) 


3. 


Page 106, Exercise 2. Write F = T4A and G = ThB and use the results of 
Exercise IIL.1.2, whose solution occurs on Text page 13, and Exercise 
III.1.3, whose solution occurs on Text page 13. 


Page 107, Exercise 4(a). (HINT: r is in the plane through p orthogonal to q if 
and only if (r - p)-q = 0.) 
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Solutions 


1. Page 106, Exercise 1. 
We can write T = TI for any isometry T, where I is the identity mapping. In 
the case when T is itself a translation this expresses T in standard form, as I 
is an orthogonal transformation. Using Theorem III.2.1 we have 


T,(v) = (Is) (p) 


=y ; because Iv = v. 
T(p) 


Thus T,(v) has the same Euclidean coordinates as v; only the point of 
application has changed. In other words, T, (v) is parallel to v. 


2. Page 107, Exercise 5. 


The attitude matrix of the e frame is 


2 2 i. 

3 3 3 

oy es Oe 
A= [73 3 3 
d. — 2 2 

3 3 3 


and the attitude matrix of the f frame is 
=e 
V2 

B= 0 1 0 
m 
V2 


By the argument at the end of the text on page 106 we must have that 


DMEENUTICEE NC 
V2 J2| | 3 3 3 
NL ES _2 l 2 
C=*BA=!I 0 1 0 3 3 3 
Ao gei ee 
NL. J9] | 3 3 3 
Ge i 
V? J/2 
{2 1i 2 
“| 3 3 3 
(ae. A, A 
3/2 3/2 3/2 
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and T is the translation through 


0 
q- C(p) = 1 
0 
3 
4 
=| “3 
_ 2y2 
3 
1 
Vv2\/ 
2 
3 n 
1 
-ga |t 


for all points r = (rj, ra, r3) of E?. 


Let us check that F really does carry the e frame into the f frame; that is, 
F,(eip) - fiq for i= 1, 2, 3; that is, F(p) = q and Ce; = f; fori- 1,2,3. 


F 


br 
Amt. 
"2 
Na” 
Il 
i 
B. FA 
N 
+ 
I 
|- Go| no 
|> Co] 
q+ Go| Sl- 
"S N 
j 


E 
$ 
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3 
—. -] =q 
1 
tI 95 4\/2 ER 
2 J/2113 v2 
za 1 2 2|. E 
Cei- | 73 3 3 g}— | 9 [Ff 
1 4 1 1 BuU 
2 2 3/2]|3 V2 
m A |[2 
V2 0 vers : 
-=| -2 l 2 Hd ue 
Co- |^3 3 3 5| |lp 
zd. (ES aub ie 0 
2 2 2/43 
1 9» L\/i BR S 
J3 V2 \| 3 WE: 
2 1 2 PR E 
Ci [7$ $*$ 3 fst] © FF 
cole 4. c1. 44-2] dull 
3/2 3/2 3/2] \ 3 V2 
3. Page 106, Exercise 2. 


If F - T4A and G = ThB, where A, B are the orthogonal parts of F and G, 
then, by the result of Exercise III.1.2, GF has orthogonal part BA. Hence, by 
Theorem III.2.1, if Vp is any tangent vector, 


(GF), (vp) E (BAv)Gr(py: 
The same theorem gives 
F(vp) - AVE(p) 
and, applied to the isometry G and the tangent vector F (Vp); 
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that is 


(G,F,)(vp) = (BAY) Grp) 
Hence (GF),(Vp) = (G,F,)(vp) for all tangent vectors vp, and so it 
follows that (GF), = G, Fy. 


By the result of Exercise IIL1.3, F'! has orthogonal part A'!, and so 
Theorem III.2.1 gives 


(7), () = (AW) pi) 


for any tangent vector vp. We must show that this is the same as (F)! (vp). 
We know that 


F,(v,,) = (Av ; 
sp = (AvE) 
that is, F, acts on the vector part of vp by the orthogonal transformation A 
and on the point of application of vp by F. Thus (F) !, which is the inverse 


of F,, must act on the vector part of Yp by A` and on the point of 
application of vp by F “1; that is, 


(Fa) = (AM) pay 
Consequently 
(F4) Mvp) = (F^), (vp) 
for all vp, and so (F4)? = (F'),. 
4. Page 107, Exercise 4(a). 
r is in the plane through p orthogonal to q if and only if 
(r - p)-q = 0. 
C preserves dot products so this happens if and only if 
(C(r - p))-C(q) = 0. 


Suppose T is translation by the vector a. 


C is linear, so 
C(r - p) = C(r) - C(p) 
= C(r) * a- (C(p) + a), 
= F(r) - F(p). 
Thus 
(C(r - p))-C(q) = (F (r) - F(p))-C(q), 


which is zero if and only if F(r) is in the plane through F(p) orthogonal to 
C(q). Hence F carries the plane through p orthogonal to q to the plane 
through F(p) orthogonal to C(q). 
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III.3 ORIENTATION 


Introduction 


This section continues from Section IIL.2, also tying in ideas from Unit M201 24, 
Orthogonal and Symmetric Transformations, Sections 2.2 to 2.4. You may recall 
from that unit that frames in E? are of two distinct types, known as left-handed and 
right-handed, distinguished by which hand “‘best fits" the frames. Moreover, ortho- 
gonal transformations of E? also fall into two distinct sets: there are the proper 
rotations (that is, those transformations physically realizable in 3-space as a rotation 
about an axis) and the improper rotations (that is, those transformations which are 
not realizable as an actual movement in 3-space because they consist of a proper 
rotation followed by a reflection). It turns out that proper rotations preserve the 
*handedness" of frames, whereas improper rotations interchange left-handed and 
right-handed frames, and that the corresponding matrices have determinant *1 for a 
proper rotation and - 1 for an improper rotation. 


In this section we give a more mathematical definition of “right-handed” and “‘left- 
handed" and classify all isometries of E? (not just orthogonal transformations) in 
terms of their effect upon frames. We are able to state and prove the results quite 
precisely, in a form that makes them suitable for use in proving the important 
theorems of Section III.5. 


READ: Sections IIL.3 (pages 107-110). 


Comment 


(i) Page 107: Remark 3.1 
(1) In this case the attitude matrix is I, and det I= +1. 


(2) Since e4 is a unit vector orthogonal to both e, and e;, it must be 
either eX ej; or -(e;X ej). By the result of Exercise II.1.4(d), 
ej*€; X e37 eg: (e; Xz), which is +1 if e37 e; X ej,- 1 if e3= - (e1 X e;). 


(3) This is a restatement of part of Lemma II.1.A, on Text, Part II, 
page 7. 


Supplementary Comments 


(i) Page 110: the determinant Remember that a formal expansion of 


yields 


(v2w3 - V3W2)e1 + (vawi- v1W3)es + (ViW2 - V2W1)e3. 
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(ii) Page 110: proof of Lemma 3.5 If the frame is negatively oriented, the 
e; component of v X wis 


V5€2 X W3€3 + V3€3 X W2e2 = (vawa n V3W2)e2 X €3 
= (vaws - vaw5)(- ei); by Remark 3.1(3), 
= € (vawa - Vawa)ei 


because € = - 1 when the frame is negatively oriented. 
(iii) ^ Page 110: end of proof of Theorem 3.6 
ey €z €4 
F,(v) X F,(w) = elvi vo val, by Lemma III.3.5, 
Wi W2 W3 


7 € ((vawa- v3w2)e; +...) 
=e ((vaws - vaw3)F ,(Ui(p)) +...) 
7 € (Fi((vawa- vaw3)U4(p) *.. .)), because F, is 


linear, 


U,(p Us(p) Us(p) 


=€ F, V1 V2 V3 
Wi w2 W3 
=e F,(v X w), by the definition 
of cross product, 
and | 
E= eye; X e3 = F4(Ui(p) F.(Us(p)) X F.(Us(p)) 
= (sgn F)U,(p)-U2(p) X Us(p), by Lemma III.3.2, 
= sgn F, because the frame 
Ui(p), U2(p), 
U3(p) is posi- 
tively oriented. 
Summary 
Notation 
sgn F Page 108, line 8 
Definitions 
(1) Positively oriented ! | Page 107, line -17 
Right-handed 


(ii) Negatively oriented ! 


Left-handed Page 107, line -16 
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(iii) 
(iv) 
(v) 


Results 
(i) 

(i) 
(iii) 

(iv) 


(v) 
(vi) 


Sign of an isometry, sgn F 
Orientation-preserving 


Orientation-reversing 


The natural frame field is positively oriented. 


The frame e4, €2, €3 is positively oriented if and 
only if e; X e; = es. 


Frenet frames are positively oriented. 
If e,, e, €3 is a positively oriented frame, 
ei = ej X ek 5 -ek X ei 
for (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2). 
F, (ei) F,(e2) X Fx (e3) = sgn F e1-e2 X e3. 


The coordinates of tangent vectors in terms of a 
positively oriented frame give the expected for- 
mula for the cross product; if the frame is nega- 
tively oriented the usual formula must be multi- 
plied by - 1. 


(vii) Orientation-preserving isometries preserve cross 
products; orientation-reversing isometries change 
their sign: 

F,(v X w) =sgn F F,(v) X F,(w). 

Techniques 


Distinguishing positively and negatively oriented 
frames. 


Finding the sign of an isometry 


Finding the effect of an isometry on a cross pro- 
duct, using Result (vii). 


Exercises 


Technique (i) 


l. 


M334 III.3 
Page 108, line 6 
Page 109, Definition 3.3 
Page 109, Definition 3.3 


Page 107, Remark 3.1(1) . 


Page 107, Remark 3.1(2) 
Page 107, Remark 3.1(2) 


Page 107, Remark 3.1(3) 
Page 108, Lemma 3.2 


Page 110, Lemma 3.5 


Page 110, Theorem 3.6 


Page 107, lines -17, -16 
Page 108, lines 6 to 8 


Page 110, Theorem 3.6 


Find the orientation of each of the frames in Exercise III.2.5 on page 107. 


Technique (ii) 


2. 


Find the sign of the isometry in Exercise IIL.2.5 and check that Lemma 


III.3.2 is satisfied. 


Technique (111) 


3. 


Page 111, Exercise 3. 
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Theory Exercises (omit if short of time) 


4. Page 111, Exercise 1. (HINT: Use the result of Exercise III.1.2.) 
5. Page 111, Exercise 2. 


Solutions 
]. The attitude matrix of the e frame is 
2 2 1 
3 9 3 
2 1 2 
3 3 3 ? 
1 2 2 
3 3 3 


whose determinant is 


SS 3) sis (5/5) St3 (5) 33) 


-3:00 + 4)* 2(2 * 4) * (4- 1)) 


=], 


so the e frame is positively oriented. Alternatively (and more simply) 
E S = (2.2 - 1.1, 1-2- 2.2, 2.1 - 2.(-2)) 
= 5(3,-6, 6) = e; 
and so the e frame is positively oriented by Remark 3.1(2). Similarly, 


fix f= aa (0.0 - 1.1, 1.0 - 1.0, 1.1 - 0.0) 


and so the f frame is negatively oriented. 


2. Lemma III.3.2 is satisfied if F,(e;)-F, (e?) X F,(e3) =sgn F ej-e; X e3. We 
found in the previous section that 


EN 0 T 
V2 V2 
E oe i 2 
C-|73 3 3 
DONEC. EUR 
3/2 3/2 “5/2 


x M334 IIL3 


- l|1. 1 2,4 iL2.4..1, 1. 
sgn F = det C= 7513" -372 7 3 82 EE ETT. 332 
1 
=Ņ{-1- 8- 8-1) =-1 


Since sgn F = - 1, Lemma III.3.2 predicts that the e frame and the F(e) frame 
(that is the f frame) have opposite orientations: we have already shown that 
this is the case in the previous exercise. 


3. Page 111, Exercise 3. 
"We want to show that C4(v X w) =sgn C Cy (v) X C,(w). 
v= (3, 1, -1) 
w = (-8, -3, 1) 
so 
vX w=(l- 3,3- 3,-9 + 3) = (-2,0, -6). 


C is its own orthogonal part, so C, is represented by the same matrix as C. 


B 2 d i 
-3 3 3 3 1 
2 1 2 
co-.|2 i -2| id=} 3 
1 2 2 E 
3 3 3 ! 1 
2 2 _1\ fis) [1 
3 3 3 3 
2 1 2 - 11 
C, (w) = 3 ET ^9 -3 — Ug 
1 2 2 1 cum 
ae 2 _1\ |» 10 
3 3 3 3 
2 1 2 7 8 
C,(v X w)= 3 3 -7 0 |= 7 
1 2  2]|.gp] Vii 
3 3 3 3 
1 1il 7 
C,(v) X C,.(w) = ( l, 3, 1) He. 4 
10 8 14 
ix | EX 9 EN =-Cy,(v X w) 


so the formula is checked if sgn C = - 1. 
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However, 


7 -.21112 , 22],2| 2.1. 2.2| 1/22 _ 1.1 
Mur eens 1:238) 24 3.) 132 1. 


= ga (-2(2 + 4) + 2(-2 - 4)- (4- 1)) 


=-] 
and so the formula is checked. 
4. Page 111, Exercise 1. 


Let F = T4A, G = Tp B. Then, by the result of Exercise III.1.2, FG has ortho- 
gonal part AB. Hence 


sgn (FG) = det (AB), by definition, 
= (det A) (det B) 
= (sgn F)(sgn G), by definition of sgn F, sgn G. 
Similarly 
sgn (GF) = (sgn G)(sgn F) 
= (sgn F)(sgn G). 
Putting G = F"!, gives 
sgn (FF!) = (sgn F)(sgn F`”). 
But FF"! =I, the identity mapping, and so 
(sgn F)(sgn F`!) = sgn I= +1: 


therefore 
1 
Tees 
sgn F sgn F 
= sgn F, because sgn F = +1. 
5. Page 111, Exercise 2. 


Let G be an orientation-reversing isometry of E?. We want to express G as 
HoF, so we define F to be Hg 'G. Then certainly 


HoF = Ho Ho 'G=G 


and so all that remains to be shown is that F is orientation-preserving. Now, 
by the result of the previous exercise, 


sgn G = sgn(HoF) = (sgn Ho)(sgn F). 
Here G and Hg are both orientation-reversing, and so 
sgn G = sen Hg = - 1; 


hence sgn F = +1 and so F is orientation-preserving. 
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II.4 EUCLIDEAN GEOMETRY 


Introduction 


This section depends on Sections III.1 -III.3 and Section II.3. Now we are able to 
use the ideas and results of Sections III.1 - III.3 to begin to define what we mean by 
“the same, but for position in space, as...”. Loosely speaking, we are going to 
declare two “objects” in E? (for example, curves or vector fields) to be “the same 
but for position in space" if there is an isometry carrying one into the other. In 
order that this definition agree with our intuitive ideas of “sameness”, two con- 
ditions must hold: (a) the relation “is the same, but for position in space as" must 
be an equivalence relation (any sensible definition of ‘“‘same” must lead to an 
equivalence relation); (b) any properties of the objects concerned that we regard as 
essential, such as the curvature of a curve, the derivative of a vector field, must be 
preserved by isometries, so that objects which are “the same" have the same 
essential properties. Condition (a) is easily checked: the relation is transitive because 
the composite of isometries is itself an isometry (Lemma III.1.3); it is reflexive 
because I is an isometry; it is symmetric because each isometry has an inverse iso- 
metry (Comment (i) on Section III.1). Condition (b) is the concern of this section, 
where it is shown that isometries preserve derivatives of vector fields on curves and 
the Frenet apparatus of unit-speed curves. 


READ: Section III.4 (pages 112-115). 


Additional Text 


(1) Arbitrary-Speed Curves and Isometries While it is true that any mapping 

F preserves the velocity of a curve a in the sense that 
Fala’) = (F(a)) 

(Theorem I.7.8), the speed of a curve is not generally preserved, because 
llo || and ||(F (aæ))'|| are not necessarily the same. However, in the case where 
F is an isometry an argument similar to that given at the beginning of the 
proof of Theorem 4.2 shows that F does preserve speed: F preserves norms, 
as noted on page 105, and so 


vq) = IE) 
= [Fl 
lel 


Va: 


We have shown that a and F(a) have the same speed if F is an isometry. The 
following exercise shows that they have the same curvature, and plus-or- 


minus the same torsion. 


1. Let a be an arbitrary-speed regular curve in E?, F an isometry of E, 
B = F(a), and & a unitspeed reparametrization of œ, where a = a(s). 
Prove that Kg = Kg and 7, = sgn F rg. (HINT: Use the above result to 
prove that B — F(@) is a unit-speed reparametrization of f in the sense of 
Theorem II.2.1, and then use Theorem III.4.2.) 
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Supplementary Comments 
(i) Page 113: second half As usual we are writing F = TC and C = (cij). 


(ii) Page 114: fourth line of proof T and T are defined by T=f', 
T 70. so the result follows using the fact that 8' - (F(8)) = F,(6') by 
Theorem I.7.8. 


(iii) ^ Page 1 14: seventh line of proof k and K are defined by K= Ile" |, 
K= lle" ||; p "= F,.(6") by Corollary III.4.1; IF. (6")] = le" l because 
F, preserves norms. 


(iv) Page 114: eleventh line of proof (F,(8^))/k = F,(8" Jk) because F, 


is a linear transformation at each point. 


Summary 


Results 
(1) Isometries preserve derivatives of vector fields on 
curves: (F,(Y))’ = F,(Y’). 


In particular, isometries preserve acceleration. Page 113, Corollary 4.1 


(ii) Isometries preserve the speed of curves. Text, Page 26 


(iii) ^ Isometries preserve the Frenet apparatus of unit- 
speed curves, except that orientation-reversing iso- 
metries change the sign of the torsion and reverse 
the direction of the binormal: 


K=K T= F,(T) 
T=sen Fr N= F,(N) 
B = sgn F F, (B) Page 114, Theorem 4.2 


(iv) A similar result for arbitrary-speed curves: if 
B = F(a), then Kg = Ko and Tg = sen FT Text, Page 26 


Techniques 
(1) Applying Result (i) to find the derivatives of vector 
fields of the form F,(Y) on a curve F(a). Page 113, Corollary 4.1 


(ii) Using Result (iii) to find the Frenet apparatus of 
curves of the form F(a). Page 114, Theorem 4.2 
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Exercises 


Technique (1) 


2. Page 115, Exercise 2. (Remember that, because C is orthogonal, C, has the 
same matrix as C.) 


Technique (ii) 


3. Page 115, Exercise 1. 


Solutions 


l. We have seen that œ and f have the same speed, and consequently a and f 
have the same arc-length function s. Now 


B (s) = (F(@))(s) = F(a (s)) = F(a) = 


and so f is a unit-speed reparametrization of f in the sense of Theorem 
IL2.1. 


Hence 

Kg = Kg(s) Tg = ais) 
by the definition of the curvature and torsion of an arbitrary-speed curve. 
Similarly 

Ka = Ka (s) Ta = Ta (5)- 


However, & is unit-speed and f =F(&) and so Theorem III.4.2. gives 


Kg Ka ig sen F Top 
Hence 
Kg = Ka(s) = Kos) = Ky 
and 
797 Tas) = sgn F rg (s) = sgn F To 
2. Page 115, Exercise 2. 
-1 0 0 cost 
1 1 


-cost 
i re 
= garint - 2t) 
—L(sin t + 2t) 


J2 
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Y(t) - C,(Y(t): since C is itself an orthogonal transformation C, has the 
same matrix as C and so 


1 0 0 t 
c,v()s| o -+ -ll 1-2 
(YW) Fa -A t 
1 1 2 
0 V2 V2 l+t 
-t 
=| -y2t? 
y2 
That is, 
Y(t) = (-t, -V 2t?, V2). 
Thus 
Y'(t) = (- 1, -2/2t, 0). 
Now 
Y'(t) = (1, -2t, 2t) 
and so 
1 0 0 1 
C.(Y'() = 1 1 
«(Y (0) 2] 0 Js ya -2t 
blo wh 
0 J2 J2 2t 
-1 
= | -2/2t 
0 


Thus Y'(t) = C,(Y (t)) for all t, and so Y' = C,(Y’). 
a'(t) 7 (sint, cost, 2), 
a" (t) = (-cos t, -sin t, 0) 
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so 
-1 0 0 -cost 
Cee") =| 0 yz -yg || "sint 
^ vs ve[| " 
cost 
- -J5 sint 
-Fysint 
whereas 


a (t) = [in t, 7g cos t2), 300s t + 2) 


sint sin j 


a" (t) = [es C= V2? = J2 
and so C, (o (t)) = à" (t) for all t; that is, C, (o^) = a". 
We have already computed Y', a”, Y', à : from this we see that 
(Y'-a")(t) = (1, -2t, 2t)-(-cos t, -sin t, 0) 


=-cost + 2tsint 


-sint -sint 


Ve? 8 


(Y'-a")(t) 7» (- 1, -2/2t, 0)-|cos t, 


— —cost + 2t sint 
so 


Y'a n = Y'a". 


Page 115, Exercise 1. 


Since f has unit speed, T = 8’, and so if f is a cylindrical helix then there is a 
constant unit vector u and a constant angle 9 such fj:u- cos Ü. Let 
u = F,(u). Then 


[fall = IE Q0 = [full = 1 
and so Ñ is a constant unit vector. Moreover, F(8) also has unit speed ; that is, 
T = F(0)', and so 


T-u = (F(f))-u 
= (F(6))'-F.(u) 
= F,(6’)-F,(u), by Theorem I.7.8, 
= f'-u, because F „preserves dot products, 
= cos ð, 


and so F(f)) is also a cylindrical helix. 
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(b) 


Let F(B) denote the spherical image of F(8), T the unit tangent vector field 
on F(f). Then F(6) is the curve whose points have coordinates given by T, 
while P is the curve whose points have coordinates given by T. In other 
words 


T(t) =B (tpfe) and T(t) = F(Ó(9r(e(o)- 


Omitting the t: 


T-Bg and T- "(8)r(g). 

By Theorem III.4.2, T = F,(T) 

and so F(B) F(p) = F (8g). 

Since F = TC, Theorem III.2.1 tells us that 
F (Bg) = C(8)r(g) 

and so 
F(5) F) = CEF) 


and so 
Cu 


F(8) = CB). 
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III.5  CONGRUENCE OF CURVES 


Introduction 


At last we reach the definition of congruence of curves promised in Section III.1 
This is the definition suggested in Section IIL.4 and, as the remarks there show, 
congruence is in fact an equivalence relation. Results from all the earlier sections of 
Chapter III are used to prove the main theorem that unit-speed curves are congruent 
if and only if their curvatures are the same and their torsions differ at most in sign. 
Using the definitions of Section II.4 we can widen this theorem to include arbitrary- 
speed regular curves. Finally we generalize the main theorem to non-Frenet frame 
fields, using the ideas of Section IL6. This last theorem (Theorem III.5.7) is less 
important now but will be needed in Chapter VI: you are not expected to remember 
its details. 


Some of the proofs in this section are a little long and technical. Try to work 
through them, but if you get bogged down make sure that you at least understand 
the statements of the theorems: they are the whole purpose of this chapter. 


READ: Section III.5 (pages 116-121). 


Comments 


(i) Pages 117-118: proof of Theorem 5.3 Notice the structure of the 
proof. If F is to carry o to f then certainly F(a(t)) = (t) for all t, so our first 
requirement is that F(a(0)) - (0). Secondly, we know from Theorem 
III.4.2 that F, must take the Frenet frame of a at a (0) to the Frenet of f at 
B(0), reversing the direction of the binormal if Ty 7-79, so we require that 
F, have this effect on To(0), Ng (0), Bg (0). These two conditions specify F 
uniquely, so the final stage is to check that F(a ) is actually equal to f. 


Notice also the beauty and economy of the last stage of the proof. We know 
that T-T&1 because 


T-T = [rl lil cos 9. 


where 9 is the angle between T and T, and cos 9 = 1 if and only if à is a 
multiple of 27, that is if and only if T and T are equal. Thus we can show 
that T 2 T by showing that T-T is always 1. However, because the same 
remarks apply to N and N, B and B, we can show that all three pairs are 
equal by the single step of showing that 


f=T-T+N-N+ B-B= 3. 
This is shown by a technique we have noted before, that of proving f' =0 to 


show f is constant and noting the f(0) has the correct value. 


(ii) Page 119: Corollary 5.5 When O'Neil uses the word "helix" 
unqualified, he means not a general cylindrical helix, but a circular helix, 
that is a cylindrical helix whose cross-section curve is (part of) a circle (see 
Exercises II.4.8 and II.4.10), as he remarks in Example I.4.2(2). An equiva- 
lent definition of circular helix is as a curve congruent to a reparametrization 
of the helix 


t— (a cost, a sin t, bt) 


given in Example 1.4.2(2), and it is this definition O'Neill uses in the proof 
here. 
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Supplementary Comments 


(i) 


(à) 


(iii) 


(iv) 


(v) 


Page 117: line -9 F is orientation-preserving because it carries one 
Frenet frame into another, and Frenet frames are always positively oriented. 


Page 117: line -2 


K = Kg, by Theorem III.4.2, 
- Kg, by the hypotheses of the theorem. 


Page 119: Example 5.4 The “a” used here is simply a shorthand for 
1/A/2 =-1/c: it is not the same “a” as in Example 11.3.3. 


Page 120: first two lines of proof à and f must be based at the same 
value of t so that a and f have the same arc-length function s, for if à is 
based at t, and f at t; then 


t 
sa (t) -f va (u)du 


ty 


t 
= | vg(u)du, because vy = Ye 
1 


tz t 
| vg(u)du * | vg(u)du 
1 2 
= sot sg(t), 
and the constant So is zero if and only if t, = t2. 


Page 121: Theorem 5.7, hypotheses (1) and (2) These are just natural 
extensions of the hypotheses in Corollary 5.6, for if (E;) and {Fj}.are the 
Frenet frame fields on a, f respectively then condition (1) becomes 
simply vy= vg and condition (2) becomes Ky =K p Ta 7g 


Page 121: lines 7; 8 of proof Since F carries the E; frame at a (0) to the 
F; frame at (0), the two left-hand equations are straightforward. For the 
other two: 


a Ej = (F(a))'-F,(E;), by definition, 


= F,(a')-F,(Ej); because F , preserves velocities, 
=a'-Ej, because F , preserves dot products, 
= p'-Fi, by hypothesis (1); 


also 


Ei-Ej - (F (Ei) F 4 (Ej); by definition, 


-F x (Ei) FA(E;), because F, preserves derivatives of 
vector fields, 


= Ej -Ej, because F , preserves dot products, 


TF, by hypothesis (2). 
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(vii) Page 121: Eoi 9 of md Since UJ is a frame, E;' has an orthonormal 
expansion =2 ajE jp where aij = Ej Ej (theorem II.1.5). Similarly, 
Fj == a where bij = Fi "Fj. We have just shown that Fi “Fj = Ej'-E Ej, so 
bij = ajj and we can write Fj’ = zat 
(viii) Page 121: lines 10, 11 of proof E;-Ei = bij => (Ej-E;)' =0 
=> Ej -Ej + Ej-Ej’ = 0 > aij + aji = 0 
(ix) ^ Page 121: line 13 of proof 
f = 2 (Ej -Fj + ELE) 
i 
E (aijEj-Fi + ajiEj-Fi) 
xx (aij + aj) Ej F; 
(x) Page 121: line 14 of proof For i= 1, 2, 3, since E;(t) and F;(t) are unit 
vectors, E:(t)-F;(t) € 1 with equality if and only if E;(t) and Fj(t) are equal. 
Thus f(t) = È E;(t)-F;(t) < 3 with equality if and only if each E;(t) is equal 
to the corresponding Fi(t). We have shown that f' is the zero Spe so f 
itself is a constant function. However, f(0) = 3 (because E;(0) = F;(0) for 
each i) and so f(t) = 3 for all t, that is E;(t) is equal to F;(t) for all t. 
Summary 
Definitions 
(1) Congruent curves Page 116, Definition 5.1 
(ii) Parallel curves Page 116, line - 1 
Results 


(i) 


If a'(s) and f'(s) are parallel for each s, o. and f are 
parallel. 


If a and f) are parallel and a(so ) = B(s $9) for some 
Sg then a = $. 


Unit-speed curves o, f are congruent if and only if 
Ky" Ka and Ty= Ets 


B 


Arbitrary-speed regular curves o, ( are congruent if 
and only if 


Ky 7 Kg Ty = t Te. 
x Ẹ B 


Va = vg 


Page 117, Lemma 5.2 


Page 117, Lemma 5.2 
Page 117, Theorem 5.3 and 


Page 114, Theorem 4.2 


Page 120, Corollary 5.6 and 
Text, page 26 © 
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(v) If a, B are arbitrary curves and (Ej), {Fj} are 
frame fields on each such that 


a’ -Ei = BF; 

and Ej -E; E F;-Fi, 

then a and f are congruent. Page 121, Theorem 5.7 
Techniques 
(i) Recognition of congruent curves. Page 116, Definition 5.1 
(ii) Finding an isometry establishing the congruence of 

two curves. Page 117, proof of 

Theorem 5.3 

Exercises 
Techniques (i) and (ii) 
1. Page 122, Exercise 6. 
Theory Exercise 


2. Page 122, Exercise 5. 


Solutions 


l. Page 122, Exercise 6. 
a(t) = (2t, t?, 0) 
a'(t) = (/2, 2t, 0) 
valt) =/2(1 + 2t?)? 
o" (t) = (0, 2, 0) 
We use the formulas of Theorem II.4.3. 
o' (t) X a" (t) = (0,0, 2/2) 


di 2/2 1 
a’"(t)=0 so T(t) -0. 
b(t) = Ct, t, t?) 
B'(t) = (1, 1, 2t) 
vg(t) =(2+ 42)? =/2(1+ 912)2 = valt) 
B"(t) = (0, 0, 2) 
B'(t) x B” (t) = (2, 2, 0) 


LN? l a2 
2/20 4206 (420) Kalt). 


B^(t)- 0 so g(t) - 0» Talt). 


K a(t) = 
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Thus œ and f have the same speed, curvature and torsion and so they are 
congruent. | 


a'(0)=(/2,0,0) so Tg(0)=(1, 0, 0); 

o' (0) X a" (0) = (0, 0, 2/2) so Bg(0) = (0,0, 1); 
Ng(0) = Bo(0) X T&(0) = (0, 1, 0): 

6'(0)=(-1,1,0) so Tg(0) = [vm Jm jj 

B'(0) x 8(0) = (2,2,0) so Bg(0) Us J o} 
Ng(0) = Bg(0) X Tg(0) = (0, 0, 1). 


Since Ty = Tg we want to find the isometry F carrying the a Frenet frame to 
the B Frenet frame: such an isometry has orthogonal part with matrix 


1 1 1 1 
72 0 WE 1 0 0 72 0 72 
=| d. REN d. 
0 1 0 0 0 l 0 1 0 
transpose of attitude attitude matrix of & 
matrix of p frame frame 


Since a(0) = 8(0) = 0, C(a(0)) = B(0) and so the translation part of the F is 
just the identity. 


Checking: 


"Js 0 Jz 2t -t 
-l. EF 
V2 /2 


Alternatively, since Tg =-7Tg also, we could choose F to take the a Frenet 
frame to the frame Tg(0), Ng(0), - Bg(0). This gives 


and again the translation part of F is the identity. 
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2. 


Page 122, Exercise 5. 


If o and f are congruent, then Ky -Kkg-Kk and rg-*rg- T. Suppose F 
is an isometry such that F(o) = f. Then, as noted in the Additional Text (i), 


we must have 
F(o(0)) = &(0) 
F,(To(0))  Tg(0) 
F4(No(0)) = Ng(0) 
F,(Bo(0)) = sgn F Bg(O)  (*) 
by Theorem III.4.2. This theorem also tells us that 


Tg = sgn F Tq. 
If 70, this equation tells us that sgn F=1 if Ty 7 Tg. sgn F 7 - 1 if 
Ty = -Tg. Thus the four equations (*) determine the isometry F uniquely, 
and the proof of Theorem III.5.3 shows that in fact F(a) = f. 


If r= 0 then there is no constraint on sgn F, so we can have sgn F = 1 or 
sgn F 7-1. In each of these two cases the equations (*) give a unique iso- 
metry F. Moreover, since Tq =Tg and Tg = e the proof of 
Theorem III.5.3 shows that both of these isometries satisfy F(a) = f. 
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FURTHER EXERCISES AND SOLUTIONS 


Section III.1 


Technique Exercises 


Page 103, Exercises 5(b), (c). 


Solutions 


5(b). 


5(c). 


(5V2, -5, 4/2) 
(-/2, 1, 5/2). 


Section III.2 


Technique Exercise 


Page 107, Exercise 4(b). (HINT: (0, 1, 0) has the same length as (1, 0, -1)A/2.) 


Other Recommended Exercise 


Page 106, Exercise 3. This proves the result given at the end of page 106 in an 
alternative way. 


Solutions 


4(b). 


There are many possible solutions, each of which is obtained by putting a 
particular value of 9 in the following. 


sin 0 1 cos 0 


C= cos à 0 sin 3 


sin 3 cos 3 


v2 Ur 2 V2 
and T is translation through 


sin 2, 1 cos 9 1 sin 3 1 


MI Joe 2 a T2 2E 


The translation part of F carries C(0) = 0 to p, so is Tp- 


1+ zac 


The orthogonal part Bt F carries U;(0) to ej, so has the coordinates of the ej 
as its columns, so it is tA. 
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3(b) The e-frame at p is taken to the natural frame at 0 by 
“1)-1 = -= 
(TpA'!)! = ATS = TA(- pA- 
The natural frame at 0 is taken to the f-frame at q by TgB". 
(TgB"')(T A(-p p^ takes the e-frame at p to the f-frame at q and has ortho- 
Zonal part B'A 
Section III.3 


Recommended Exercises 


Page 111, Exercise 4. This shows that orthogonal transformations with determinant 
+1 can be realized as rotations of E?. 


Page 111, Exercise 6. Some more group theory. 


Page 111, Exercise 7. This looks at isometries of E! and E?, which are defined. in 
the obvious way. 


Solutions 


4. 


Put e3 = (p/ llel). Choose e, and e, to be orthogonal unit vectors spanning 
the subspace of E? orthogonal to e3. ce) i is also orthogonal to e3 and has 
unit length, so 


C(e,) = cos 9 e, + sin 8 e; 
for some 9. If 
C(e;) = sin 9 e,- cos 3 ez, 
replace 2 and e; by their negatives. 
For both parts: det (AB) = det A det B 
det A`! = (det A)! 


det I= +1. 
E: F(x) ex ta 
cos 3 € sin 3 
E*F-TGC- 
-sinó € cos 3 


In each case, orientation-preserving if € = +1. 


Section III.4 


Technique Exercise 


Page 116, Exercise 3. 
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Solution 


3. 


3 4 

5 5 

x 4 3 
5 5 


Section III.5 


Technique Exercises 


Page 122, Exercises 2,4. (HINT for Exercise 2: The Frenet apparatus is not needed 
— look for an isometry first.) l 


Other Recommended Exercises 


Page 121, Exercise 1. This gives another characterization of congruence of curves. © 
Page 122, Exercise 3. This uses Theorem III.5.7 and the connection forms. 


Page 122, Exercise 11. This proves a theorem equivalent to Theorem 1II.4.2 and 
Theorem III.5.3 for curves in the plane. 
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Solutions 


2. There are eight possible solutions. Each of e, 6, n may be +1 in the follow- 
ing. 


y(t) = (e3 2t, 83t?, m/2t?) 


€ 0 E 
V2 V2 
F= 0 ô 0 


4 k-Lr--i 
a=2,b=2 
F= 1 0 0 
1. If F = TyC, where C(u;) = ej, then F(a) = f. 


3. The frame field on a is {E;(a)}, that on f is {E;(6)}. 
a! -E; (a) = 6;(a’). 
(Ej(@))'-Ej(@) = (Vo'Ei)-Ej(o) = cij(o'). 
11. If: let F be the isometry taking 
a(0) to B(0) 
To(0) to Tg(0) 
Ng(0) to eNg(0) where Kg = Kg. 
Follow the proof of Theorem III.5.3. 
Only if: follow the proof of Theorem III.4.2. 


DIFFERENTIAL GEOMETRY 


I Calculus on Euclidean Space 
II Frame Fields 

III Euclidean Geometry 

IV Calculus on a Surface 

V Shape Operators, 


VI Geometry of Surfaces in E? 


